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Representation varieties

X = connected closed manifold
71(X) = fundamental group

G = algebraic group over k

G-representation variety of X Xq(X) = Hom(m(X),G)




Non-abelian Hodge theory

When C complex projective curve

MB(C’ G)
Riemann—HV Win—Kobayashi
MDR(Ca G) € ” MDOI(Cv G)
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E-polynomial e(X) = Z,W(I(—l)’~C hEPA(X) uPv? € Zlu, vl
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Idea: cut manifold in pieces and ‘compute invariant piecewise’

5, = @o@o...o@o®

g times
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Compute E-polynomial using Topological Quantum Field Theory

that is, a monoidal functor Z : Bord — R-Mod
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From 3y = Qo (Q—=Do--o(—={o (> we obtain

g times




Computed Z (@) : Z(O) — Z(O) for G = Uy, Uz, Uy

U,, = {upper triangular n x n matrices over C}
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Computed Z (@) : Z(O) — Z(O) for G = Uy, Uz, Uy

U,, = {upper triangular n x n matrices over C}

For G = U,, we have

IRk ¢*(g—2)(g—1)*
Z(@) - [q3(q—2)(q—1)5 ¢ (q—1)* (¢* - 3¢ +3)
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For G = U3, we have

a-1* (@ +a-1) @ (q-2)° Fle-2)a-1) Fla-2-1) (@=1(¢+1)
Fle-274-1)" PP -3+3)"  Fl-2@-D@-30+3) Flo-2) -1 -3¢+3) ¢Fla—-27(g-1)
Fla-D@-10" Pla-2P-37+3) ¢lg—1) (¢ —3¢+3) P lg—-2°(g—1) 7 le—2)(g—1)
Fla-2-1" @a-2)*—3¢+3) @ la—2)" (g —1) ¢ (g —1)(¢* =3¢ +3) ¢ le-2)(¢—1)°
(q=1)" (g +1) P la—2"(g—1) 7 (g—2) (¢—1)* Plg—=2)(¢—1)° (=1 (¢ =+ 1)
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For G = U3, we have

a-1* (@ +a-1) @ (q-2)° Fle-2)a-1) Fla-2-1) (@=1(¢+1)
Fle-274-1)" PP -3+3)"  Fl-2@-D@-30+3) Flo-2) -1 -3¢+3) ¢Fla—-27(g-1)
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Fla-2-1" @a-2)*—3¢+3) @ la—2)" (g —1) ¢ (g —1)(¢* =3¢ +3) ¢ le-2)(¢—1)°
(q=1)" (g +1) P la—2"(g—1) 7 (g—2) (¢—1)* Plg—=2)(¢—1)° (=1 (¢ =+ 1)

For G = Uy, we have
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Theorem [Vogel, Hablicsek, arXiv:2008.06679]

Let ¢ = [AL] be the class of the affine line in the Grothendieck ring
of varieties. Then forallg > 0

m (X, (5g)] = ¢* (g — D)2 (g — 1)+ 1)

m [Xy,(Bg)] =72 (g - 1D)¥ (¢*(¢ — D¥T +¢*(q —1)?
+¢%9(q — 1)*9 +2¢%9(q — 1)2g+1)
B [Xu,(Bg)] =2 (g - 1) + %72 (¢ — )%
+q109—4 (q o 1)29+3 4 ql()g 4( 1)4g+1 (2q 6q 4 5)9
+3q10g—4 (q _ 1)4g+2 + qlog 4 (q _ 1)6g+1 + q12g—6 (q _ 1)89
+q129—6 (q . 1)2g+3 + 3q12g—6 (q . 1)4g+2 + 3q12g—6 (q . 1)6g+1
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Extensions

m Add parabolic data .m
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Extensions

m Add parabolic data .m

>
= Non-orientable surfaces \O O\
<
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Theorem [Vogel, arXiv:2009.12310]

Let N, = RP%# - - - #RP? (r times). Then for all » > 0

m [Xy,(No)] =4¢"Hq—1)> 2 +2¢" g —1)"

B [Xu, (V)] =467 (g — 1)+ 2673 (g - 1)
+8¢° 3 (¢ — )P 4 8¢5 3 (¢ - )P
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Extensions

m Add parabolic data .“

>
= Non-orientable surfaces \O O\
<

m Stacky TQFT [work in progress] [Xc(X4)/G]
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